Classical radiation reaction is the effect of the radiation emitted by an accelerated electric charge on the trajectory of the charge itself. The self-consistent underlying classical equation of motion including radiation-reaction effects, the Landau-Lifshitz equation, has never been tested experimentally, in spite of the first theoretical treatments having been developed more than a century ago. Here, we show that classical radiation reaction effects, as predicted by the Landau-Lifshitz equation, can be measured using presently available facilities, in the energy emission spectrum of a parallel 10-GeV electron beam crossing a 1.1-mm thick diamond crystal in the axial channeling regime. Our theoretical results demonstrate the feasibility of the suggested setup, e.g., at the CERN Secondary Beam Areas (SBA) beamlines.
The Lorentz equation is one of the cornerstones of classical electrodynamics and it describes the motion of an electric charge, an electron for definiteness, in the presence of an external, given electromagnetic field [1] . The Lorentz equation, however, does not take into account that, as the electron is being accelerated by the external field, it emits electromagnetic radiation, which in turn alters the trajectory of the electron itself (radiation reaction (RR)). The search for the equation of motion of an electron moving in a given external electromagnetic field and including self-consistently the effects of RR has already been pursued since the beginning of the 20th century. By starting from the Lorentz equation of the electron in the presence of the total electromagnetic field resulting from the external one and the one produced by the electron itself, the so-called Lorentz-AbrahamDirac (LAD) equation has been derived [2] [3] [4] (see also the books [1, [5] [6] [7] [8] ). It is well known, however, that the LAD equation has severe physical shortcomings as, e.g., the allowance of so-called "runaway" solutions. For such solutions, the acceleration of the electron exponentially diverges in the remote future, even if, for example, the external field identically vanishes (see the recent reviews [9] [10] [11] ).
The mathematical origin of the existence of such unphysical solutions is related to the appearance in the LAD equation of the so-called "Schott" term, which is, on the one hand, essential to keep constant the mass-shell condition for the electron and, on the other hand, proportional to the time derivative of the electron acceleration. The latter feature renders the LAD equation a third-order differential equation in time, whose structure is thus nonNewtonian. From the physical point of view, the origin of the inconsistencies hidden in the LAD equation seems to have been identified for the first time by Landau and Lifshitz [5] . They observed, in fact, that in the realm of classical electrodynamics, i.e., when quantum effects can be neglected, a "reduction of order" can be consistently carried out in the LAD equation, resulting in the so-called Landau-Lifshitz (LL) equation (recently the validity of the LL equation in the realm of classical electrodynamics has been thoroughly investigated numerically, e.g., in [12] ). In addition, it has been shown in [13] that the physical solutions of the LAD equation, i.e., those which are not runaway-like, are on the critical manifold of the LAD equation itself and are governed there exactly by the LL equation. These observations has led Rohrlich to the conclusion that the LL equation is the "physically correct" classical equation of motion of an electron [14] . Finally, we also mention that the LL equation has been derived from quantum electrodynamics in [15] (see also [16] ).
The rapid progress of laser technology has renewed the interest in the problem of RR as the strong electromagnetic fields produced by lasers can violently accelerate the electron and consequently prime a substantial emission of electromagnetic radiation. Correspondingly, a large number of possible setups and schemes have been recently proposed to measure classical radiation-reaction effects in electron-laser interaction [17] [18] [19] [20] [21] [22] (we refer to the review [10] for previous proposals). However, experimental challenges either in the detection of relatively small RR effects or in the availability of sufficiently strong laser fields has prevented so far any experimental test of the classical equations underlying RR.
In the present Letter we adopt a different perspective and put forward a presently feasible experimental setup to measure classical RR effects in the interaction of an ultra-relativistic electron beam with an aligned crystal. The experiment can already be performed at, e.g., the CERN Secondary Beam Areas (SBA) beamlines. In fact, in the proposed setup an electron beam with an energy of 10 GeV impinges into a diamond crystal slab of 1.1 mm thickness and emits a significant amount of radiation due to channeling [23] [24] [25] [26] . Our numerical simulations show that in this regime RR effects substantially alter the electromagnetic emission spectrum especially at frequencies corresponding to photon energies below ≈ 0.6 GeV.
When a high-energy electron impinges onto a single crystal along a direction of high symmetry, the motion can become transversely bound. In this case, the dynamics of the electron is not characterized by the usual Coulomb scattering by single atoms, but by a coherent scattering in the collective, screened field of many atoms aligned along the direction of symmetry (axial channeling) [23] [24] [25] [26] . In this regime of interaction, one can average the potential along the direction of symmetry to obtain an effective potential in the transverse direction, usually indicated as "continuum potential". By indicating as z the direction corresponding to the symmetry axis of the crystal and by ρ = (x, y) the coordinates in the transverse plane, with the atomic string crossing this plane at ρ = 0, the continuum potential Φ(ρ) depends only on the distance ρ = |ρ| and it can be approximated in the closed form [25] :
where = ρ/a s and c = ρ c /a s . Here, the parameters Φ 0 , ρ c , η and a s depend on the crystal and it is assumed that ρ ≤ ρ c . As we will see below, the most convenient choice to investigate RR effects in the classical regime is diamond, with the chosen symmetry axis being the 111 , and which is characterized by the numerical values: Φ 0 = 29 V, ρ c = 0.765Å, η = 0.025, and a s = 0.326Å. It is also convenient to introduce the electron potential energy U (ρ) = eΦ(ρ), where e = −|e| is the electron charge (units with = c = 1 and α = e 2 ≈ 1/137 are employed throughout). The depth Φ M = Φ(0) of the potential in diamond is such that U M = U (0) = −103 eV.
In general, the channeling regime of interaction features one of the strongest experimentally accessible electromagnetic fields, which can lead to substantial energy loss of the radiating electron, provided that the initial energy of the electron is sufficiently high. However, since we want to investigate here RR effects in the classical regime, we have to ensure first that quantum effects are negligible. The latter are controlled by the so-called quantum non-linearity parameter χ 0 = γ 0 E 0 /E cr (see, e.g., [25] ), where γ 0 is the initial relativistic γ-factor of the electron, E 0 is a measure of the amplitude of the electric field E(ρ) = −∇Φ(ρ) experienced by the electron in the crystal, and E cr = m 2 /|e| = 1.3 × 10 16 V/cm is the critical field of quantum electrodynamics (QED), with m indicating the electron mass. In the classical regime, the strong inequality χ 0 1 must be satisfied and, by em-
10 V/cm as an estimate of E 0 in the case of diamond (see also Eq. (1)), initial electron energies much smaller than about 500 GeV can be considered.
As we have already mentioned, by assuming to work in the classical regime χ 0 1, the electron dynamics including RR effects is described by the LL equation. Since the background electromagnetic field in the crystal is a pure electric field, the LL equation for the electron momentum p(t) = mγ(t)β(t), with γ(t) = 1/ 1 − β 2 (t), reads [5] :
Here, following the considerations in [27] , we have consistently neglected the term in the RR force proportional to the spatial derivatives of the electric field. Now, due to the symmetry of the potential in Eq. (1), since we consider electrons initially propagating along the positive z-direction with an energy ε 0 = mγ 0 , we can choose without loss of generality, for the interaction with a single atomic string, that the initial position of the electron in the transverse plane is ρ 0 = (x 0 , 0), with 0 < x 0 < ρ c . In this case, the electron always moves on the x-z plane and the electric field component along the y-direction vanishes identically. Finally, we assume that the crystal extends from z = 0 to z = L and that the initial z-coordinate of the electron is 0, at the initial time t = 0. Under these circumstances, the LL equation substantially simplifies and only the x-and the z-component of the momentum evolve in time (p y (t) = 0) according to the equations
Now, it is convenient first to consider the electron dynamics without RR. In this case, the total energy E = ε(t) + U (x(t)) is a constant of motion, with ε(t) = mγ(t). Also, by passing to the equations for the non-vanishing components dβ x /dt and dβ z /dt of the acceleration, the component β z (t) can be expressed exactly in terms of β x (t) as β z (t) = β z,0 1 − β 2 x (t), with β z,0 = 1 − 1/γ 2 0 . Thus, the electron energy ε(t) "factorizes" and it can be written as ε(t) = ε 0 / 1 − β 2 x (t). As we have already mentioned, we are interested here in the ultra-relativistic regime where γ 0 1. Also, as we will verify a posteriori below, the electron is barely deviated from its initial direction by the electric field in the regime of interest here and |β x (t)| 1. Thus, the total energy E is approximately given by (see, e.g., [23] [24] [25] )
The conservation of the total energy shows that indeed
where the symbol ϑ max has been employed to recall that, since we work in the ultra-relativistic regime and since 0 < β z (t) ≈ 1, the quantity ϑ max provides the maximal emission angle with respect to the z-axis [1, 5] . Finally, with the considered initial conditions, the quantity β x (t) is periodic in time, with the period T given by
. These considerations allow us to accurately evaluate the effects of RR on the electron dynamics analytically. In fact, as it is clear from Eq. (3), the RR force is essentially a damping force and it is safe to assume that also in the presence of RR the condition |β x (t)| 1 is well fulfilled. Thus, Eq. (3) shows that RR effects will significantly affect the electron dynamics on a time scale τ RR , where
with λ C = 1/m = 3.9 × 10 −3Å being the Compton wavelength and with χ 2 (t) being the time-average of the square of the oscillating "instantaneous" quantum nonlinearity parameter χ(t) = γ 0 |E x (t)|/E cr , calculated along the periodic electron trajectory. In particular, since we can approximate ε(t) [ (3), we obtain the following analytical expression of the energy ε(t) of the electron:
As expected in the ultra-relativistic regime where the field in the rest-frame of the electron is essentially a crossed field, this result has the same structure as the corresponding result obtained from the analytical solution of the LL equation in a plane wave (see Eqs. (8) and (9) in [28] ). A different scaling of the energy with time has been found in [29] [30] [31] for the case of planar channeling by positrons in the presence of a quadratic binding potential. In Fig. 1 we display a numerical example showing the validity of the analytical estimation for ε(t) in Eq. (7) in comparison with a numerical integration of Eq. (3). The initial energy of the electron is 15 GeV and the initial position is x 0 = ρ c /20 = 0.038Å and, since χ(0) is the amplitude of the oscillating function χ(t), we have chosen χ 2 (t) = χ 2 (0)/2. The determination of the typical time scale τ RR provides us in order of magnitude with a lower limit for the length L of the crystal, as RR effects will become significant for L τ RR . It is clear that, since the thicker the crystal, the more the electron will emit, RR effects are larger for thicker crystals. However, an upper limit to "meaningful" values of the thickness of the crystal is set by the phenomenon of dechanneling, i.e., by the fact that, due essentially to multiple Coulomb scattering, the transverse amplitude of the electron motion increases and, after a certain distance l d (dechanneling length), the electron leaves the "channel" produced by the potential in Eq. (1) [24, 25] . The term "meaningful" above thus refers to the fact that for a crystal thickness larger than l d , the electron will anyway emit only incoherent bremsstrahlung after a distance l d . An order-ofmagnitude estimate of the dechanneling length l d is given by [25] 
where X 0 is the radiation length in the amorphous case (X 0 = 12.2 cm for diamond). Since the thickness L of the crystal has to be l d , RR effects can be significant if l d τ RR . Now, the dechanneling length l d can be estimated as l d ∼ (α/π)χ 0 (ρ c /λ C )X 0 and the conditions for being in the classical regime and for RR effects being substantial are
respectively. Here, for the sake of estimation, we have approximated χ 2 (t) ∼ χ 2 0 /2 in Eq. (10). Among those crystals usually employed in experiments, diamond is the one with the largest value of the product |U M [eV]|X 0 [cm] due to its relatively large amorphous radiation length. Thus, at a given value of the quantum parameter, which can be easily controlled experimentally via the initial electron energy, diamond is the most convenient crystal to employ here for detecting classical RR effects. Moreover, at an electron energy of 10 GeV, the value of the quantum parameter χ 0 is 0.02 for diamond and quantum effects can be safely neglected [32] . We note that under these conditions, R = 0.14, which however, as we will see below, is already sufficient to have measurable RR effects.
In Fig. 2 two single-electron photon energy spectra dW/dω with (continuous red curve) and without (dashed green curve) RR are shown as a function of the emitted photon energy ω in units of the initial electron energy. The spectra are calculated starting from the Liénard-Wiechert potential, obtained by integrating numerically Eq. (2) with and without the RR terms (see, e.g., Eq. (14.65) in [1] ). The emission spectra are integrated over the azimuthal and the polar angles with respect to the initial electron propagation direction (see, e.g., [33] for details) and correspond to an electron which impinges with an initial energy of 10 GeV into a diamond crystal of thickness L = l d = 1.1 mm along the symmetry axis 111 . For these numerical values, the nonlinear quantum parameter is χ 0 = 0.02 and the typical time/length scale τ RR at which RR effects become substantial can be estimated by means of the quantity τ 0 = 3γ 0 λ C /αχ 2 0 = 7L. In fact, the spectra in Fig. 2 are averaged over the initial transverse position of the electron from x 0 = 0 to x 0 = ρ c , while the quantity τ RR itself, unlike τ 0 , depends on the electron trajectory and on x 0 (see Eq. (6)). Moreover, dechanneling is taken into account phenomenologically by dividing the crystal into N different sections of length L/N and by weighting the contribution to the spectrum of the jth section by means of the fraction of particles remaining in the channel exp[−(j − 1)L/N l d ] (see, e.g., [34] ). In order to make sure that a small fraction of electron dechannels on average in each section, we have employed N = 50 1 sections in Fig. 2 (recall that the crystal length is exactly one dechanneling length in our setup). We have observed that the main effect of dechanneling is a reduction of the spectrum by an overall factor of about two. Also, by performing the same simulations with N = 30 and N = 70, we have ensured that the spectra stayed essentially unaffected in all cases. Figure 2 shows that the main effect of RR is to shift the position of the maximum of the energy spectrum to lower frequencies/photon energies. This effect can be also reproduced analytically starting from Eq. (7). in fact, by using ω c (t) = 3γ 3 (t)/r(t) as a measure of the critical frequency beyond which the radiation is negligible, with r(t) being the instantaneous curvature radius of the trajectory [1] and by estimating r(t) ≈ ε(t)/|eE x (x(t))|, we obtain
in very good agreement with the numerical results in Fig. 2 (see, in particular, the two vertical lines in the figure) . The fact that the spectrum with RR is higher than the one without RR at low photon energies can also be understood analytically. In fact, by calculating the total energy emitted W as the time integral of the total power P (t) = −(2/3)[e 2 γ 2 (t)/m 2 ](dp µ /dt)(dp µ /dt) [1] , it can easily be shown that W ∼ W 0 /(1 + L/τ 0 ), with W 0 = (1/3)αχ 2 m 2 L being the corresponding quantity without RR. Thus, the total energy is less affected by RR than the position of the critical frequency and the area under the spectra with and without RR has to remain almost the same.
Experimental measurement of the result shown in Fig.  2 is deemed possible. The case of a completely parallel beam considered here is a reasonable approximation as long as the electron impinges with angles to the atomic string on a scale smaller than the Lindhard critical angle ψ c ≈ 2|U M |/ε 0 = 45 |U M [eV]|/ε 0 [GeV] µrad. Such beams are available at the CERN SBA [35] , and with position sensitive detectors it has been repeatedly demonstrated that injection angles θ in ψ c may be resolved, see, e.g., [36] . The result shown in 2 corresponds to each electron emitting approximately 7 photons capable of pair production. To avoid pileup and to obtain the single photon spectrum, a thin converter foil, significantly thinner than a radiation length should be used along with a pair spectrometer.
In conclusion, we have demonstrated that the predictions of the LL equation can be feasibly tested experimentally by measuring the channeling radiation emitted by an ultra-relativistic electron beam impinging onto a diamond crystal slab. The required experimental conditions are available at the CERN SBA beamlines.
